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A PHOTOELASTIC STUDY OF THE STRESSES
IN GEAR TOOTH FILLETS
I. INTRODUCTION
1. Localized Stresses at Gear Tooth Fillets.-At present most de-
signers use the Lewis equation* as a basis for the design of spur gear
teeth, and employ modifications of this equation in the design of bevel
gear, helical gear, and other special forms of gear teeth. The Lewis
equation treats the gear tooth as a cantilever beam and determines the
value of a nominal flexural stress at an "assumed weakest section"
of the tooth. This "weakest section" is located between the two points
of tangency of the tooth profile with a parabola inscribed in the tooth
outline (referred to as the parabola of uniform strength) with its apex
at the intersection of the action line of the applied force and the radial
center line of the tooth. For example, in Fig. 1, the parabola ACB
locates the "weakest section" between the points of tangency A and B.
However, the theory of flexure applies only to members of con-
stant cross-section, and therefore is not directly applicable to the
determination of the stresses in a gear tooth. Localized stresses of
relatively large magnitude are always developed at abrupt changes
in section of a stressed member and are present in the fillets of a
loaded gear tooth. In order to facilitate and improve upon present
methods of gear design there should be available more exact informa-
tion as to the magnitudes of these stress concentrations.
The available tables of form factors for gear teeth (based on Lewis'
equation) are likely to be misleading; they do not take into considera-
tion important factors such as the sharpness of the fillet radius which
greatly influences the maximum stress developed in the fillets of a
gear tooth.
This bulletin will be limited to a presentation of the results of
a study of some of the factors influencing the localized stresses oc-
curring at the fillets of several types of gear tooth, as obtained from
a series of tests of photoelastic models of spur gear teeth. Investiga-
tions have been carried out along somewhat similar lines by Timo-
shenko,t Baud$ and Peterson,§ Black,f and others. This investigation
*Wilfred Lewis, "Investigation of the Strength of Gear Teeth," Proceedings Engineers Club
(Philadelphia), Oct. 1892. The Lewis equation may also be found in most texts on machine design.
tS. Timoshenko and R. V. Baud, "Strength of Gear Teeth," Mechanical Engineering,
Vol. 48, Nov. 1926, p. 1105.tR. V. Baud and E. Hall, "Stress Cycles in Gear Teeth," Mechanical Engineering, Vol. 53,
No. 3, p. 207.
sR. V. Baud and R. E. Peterson, "Load and Stress Cycles in Gear Teeth," Mechanical
Engineering, Vol. 51, No. 9, p. 653.
1P. H. Black, "An Investigation of Relative Stresses in Solid Spur Gears by the Photo-
elastic Method," Univ. of Ill. Eng. Exp. Sta. Bul. 288, 1936.
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FrI. 1. GEAR TOOTH NOTATION AND MODEL DIMENSION SYMBOLS
was undertaken with the plan of covering a wider range of variables
in order to obtain a clearer understanding of the relative effect of some
of the variables influencing the localized stresses at gear tooth fillets.
It is realized, of course, that the photoelastic method yields only
values of stress based on elastic action (and proportionality of stress
to strain) in the members. No attempt has been made to determine
the extent to which these theoretical stresses are of significance in
causing damage to actual metal gears in which the relative "notch
sensitivity," and localized plastic readjustments in the material, may
influence the damaging value of stress.
2. Purpose of Tests.-The main purpose of the tests was to de-
termine the maximum tensile stresses developed in the fillets of several
representative types of gear teeth by employing bakelite models and
utilizing the photoelastic method of stress analysis. In order to express
the results in a form familiar to the gear designer it was decided to
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determine a set of stress concentration factors from which the maxi-
mum stress at a fillet could be obtained by multiplying the nominal
computed stress by the proper stress concentration factor. Since the
stresses at a fillet are governed by the geometric shape of the member
it was felt that the stress concentration factors for any given tooth
shape could be based upon a set of variables such as the minimum
radius, r1 , of the fillets (see Fig. 1), the thickness, t, of the tooth (at
the "theoretical weakest section"), the tooth pressure angle, 0, and the
height, h, of load position on the tooth.
A secondary purpose of the tests was to study the relative stress-
raising effect of changes in each of the variables affecting tooth shape
and loading conditions, and to locate the true positions of maximum
stress in the tooth fillets.
Before proceeding with an analysis of the stresses in generated gear
teeth, it was deemed advisable to study the shape factors that are
altered in producing the various contours of generated gear teeth to
determine their relative importance in influencing the magnitude of
the stress concentration factor. This phase of the problem was at-
tacked by making a series of tests of "conventionalized gear teeth"
in the form of short cantilever beams in which one factor at a time
could be varied. The principal results of this preliminary series of
tests have been included in Appendix A, sections 1 and 2.
3. Acknowledgment.-This investigation was conducted as a part
of the work of the Engineering Experiment Station of the University
of Illinois, of which DEAN M. L. ENGER is the director, and of the
Department of Theoretical and Applied Mechanics, of which PRO-
FESSOR F. B. SEELY is the head. Much credit for this work is due to
MR. D. G. RICHARDS, graduate assistant, who conducted the tests of
the conventionalized models. This study has grown out of suggestions
by and correspondence with MR. A. H. CANDEE of the Gleason Works,
Rochester, N. Y., and the authors are indebted to Mr. Candee for
many valuable suggestions and criticisms during the progress of the
tests. The major portion of the material contained in this bulletin
was prepared as a paper for presentation and discussion at a meet-
ing of the American Gear Manufacturers Association in Chicago,
October, 1941.
II. DESCRIPTION OF MODELS AND METHODS OF TESTING
4. General Method of Photoelastic Analysis.-The photoelastic
method of stress analysis has been described in detail in numerous
ILLINOIS ENGINEERING EXPERIMENT STATION
journals* and will therefore only be briefly outlined in this discussion.
In brief the method consists of loading flat transparent bakelite models
in a field of monochromatic polarized light and observing the order
of appearance of the interference fringes produced on the image of the
model as the loads are gradually increased. These fringes (alternate
bright and dark bands of the type shown in Fig. 3) represent loci of
constant intensity of maximum shearing stresses, or lines along which
the difference of the two principal stresses is constant in magnitude.
At a free boundary, where the principal stress normal to the boundary
is zero, the fringe order (designated as 0, 1, 2, 3, etc.) is directly pro-
portional to the principal stress which is tangent to the boundary at
that point. As the loads are gradually increased the increment of stress
corresponding with each new fringe that is formed has a constant
value (called the "fringe stress value"). The fringe stress value de-
pends upon the thickness and kind of material from which the model
is made. This constant may be evaluated by loading a member of
simple shape (usually a beam cut from the same plate as the model)
in which the stresses can be satisfactorily computed, and determining
the value of stress required to produce a given fringe order.
The photoelastic method may be classified as an experimental
analogy combining the principles of optics and theory of elasticity;
the stresses determined are those that would be developed in any
isotropic elastic member having the same proportions as the model.
It should be emphasized that the method of analysis employed here
*For an extensive bibliography on photoelasticity, see:
R. D. Mindlin, "A Review of the Photoelastic Method of Stress Analysis," Journal of
Applied Physics, Vol. 10, No. 5, p. 290, 1939.
E. E. Weibel, "Developments in Photoelasticity," Stephen Timoshenko 60th Anniversary
Volume, p. 267, Macmillan Co., 1938.
TABLE 1
DIMENSIONS AND NOTATIONS FOR GEAR TOOTH MODELS TESTED
r, Y
Model T 4 a b R N
No. in. deg. in. in. in. Mini- Maxi- Mini- Maxi-
mum mum mum mum
in. in. in. In.
1 0.785 14Y 0.50 0.578 6 24 0.132 0.465 -0.08 +0.30
2 0.785 141% 0.50 0.578 6 24 0.147 0.266 -0.08 +0.30
3 0.785 14Y 0.50 0.594 6 24 0.161 0.253 -0.08 +0.30
4 0.883 14% 0.675 0.419 6 24 0.162 0.265 +0.115 +0.495
5 0.918 14%Y 0.705 0.389 6 24 0.163 0.270 +0.135 +0.505
6 0.785 20 0.50 0.578 5 20 0.110 0.274 -0.15 +0.30
7 0.785 20 0.50 0.578 10 40 0.106 0.277 -0.15 +0.30
8 0.785 20 0.50 0.578 20 80 0.090 0.275 -0.15 +0.30
9 0.785 14% 0.50 0.578 5 20 0.110 0.317 -0.15 +0.30
10 0.785 14%Y 0.50 0.578 10 40 0.132 0.276 -0.15 +0.30
11 0.785 14% 0.50 0.578 20 80 0.126 0.290 -0.15 +0.30
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TABLE 1 (CONCLUDED)
DIMENSIONS AND NOTATIONS FOR GEAR TOOTH MODELS TESTED
Symbol Definition of Symbol (See also Fig. 1)
a = Length of addendum of the gear.
b = Length of dedendum of the gear.
D = Overall width of model.
h = Height of load position above the "theoretical weakest section."
Kc = Compressive bending stress concentration factor = Sc/SL.
KT = Tensile bending stress concentration factor = ST/S-.
K = Combined tensile stress concentration factor = Sr/a.
L = Overall length of model.
N = Number of teeth on complete spur gear.
R = Radius of the pitch circle.
r = Radius of circular fillet on conventionalized models.
rt = Radius of cutting tool edge.
r/ = Minimum radius of curvature of tooth fillet at intersection with root circle.
ST = Maximum tensile stress at fillet (from photoelastic tests).
Sc = Maximum compressive stress at fillet (from photoelastic tests).
SL = Stress calculated at Lewis' "theoretical weakest section" by the flexure
formula; SL = 6Wh/t/.
SR = Average stress developed by radial component of load = Wa/t.
T = Tooth thickness measured along the pitch circle.
t = Thickness of tooth at Lewis' "theoretical weakest section."
t' = Nominal thickness of "conventionalized gear tooth" models.
W = Tangential component of the external load.
WR = Radial component of the external load.
Y = Distance from pitch circle to action line of applied load measured along
center line of tooth.
a = Angle between bottom land of tooth space and the thickness chord (the
thickness chord may be considered as any line perpendicular to the tooth
center line).
0 = Angle between the side of the tooth and the radial center line.
-= Pressure angle of tooth.
eL = Angle between line of action of the applied force and the perpendicular to
the radial center line of the tooth.
S= Total computed combined stress at tensile fillet = SL - SR.
Note: All linear dimensions are expressed in inches, loads are in pounds, and
stresses are in lb. per sq. in. per pound of load on a tooth having a one-inch face.
is applicable only to two-dimensional (plane) stress systems; that is,
for members in the form of a flat plate loaded in the plane of the plate.
5. Tooth Forms and Dimensions of Models.-The tooth forms
selected for the models were those of various standard gear teeth and
were chosen to illustrate the relative influence on the stress concentra-
tion factor of some of the variables involved in gear design. All
models were based on the shapes of spur gear teeth having a diametral
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pitch of two. A summary of the nominal principal dimensions of each
of the models, and the variables altered during the tests of each model,
are given in Table 1. Also appended to Table 1 is a list of definitions
of the symbols used throughout this bulletin.
Models 1 and 2 were designed in accordance with the Brown and
Sharpe proportions for standard 14% deg. involute teeth, and were
identical in dimensions within the limitations of the accuracy of
machining. This type of tooth in actual production is cut with a mill-
ing cutter formed to the exact shape of the tooth space and the radius
of the milling tool edge is the radius of the fillet on the gear tooth.
Except for a slight correction to prevent interference the outline of
the tooth from the base circle to the tip is in the form of an involute
curve. This involute curve may be formed by tracing the path fol-
lowed by a point on a line as the line is rolled along (tangent to) the
base circle.
Loads were applied at the same three positions on models 1 and 2
and tests were made with varying fillet radii. The fillet radii (desig-
nated by the symbol rf) used on model 1 were approximately s in.,
% in., and % in., while only radii of approximately 1 in. and 1 in.
were used on model 2 because the %-in. radius is not practical in
actual service due to interference in the action of mating teeth.
Whereas models 1 and 2 were of a type that would be produced by
a milling cutter, all other models used in the tests had tooth outlines
corresponding to those produced by means of a generating cutter in
actual manufacture. In order to draw the contour of a gear tooth
generated by this method it was necessary to construct a template
(from thin celluloid) of a rack having the dimensions of the tooth
desired and roll the pitch line of the rack along the pitch line of the
gear. At small intervals of rotation, lines were drawn corresponding
to the position of the rack tooth. The tooth outline thus generated was
completed by drawing a curve tangent to the various position lines
of the rack tooth. The fillet contour developed by this method does
not have a constant curvature. In order to designate the curvature
of the fillets on these models the minimum radius of the curve (which
occurs at the point of tangency to the root circle) has been arbitrarily
selected.
Models 3, 4, and 5 were of the long and short addendum type of
gear tooth using a 14% deg. pressure angle, as employed by the Glea-
son Works in the manufacture of straight tooth bevel gears. Since it
was impractical to test bevel gear teeth by the photoelastic method,
the models were made in the form of spur gear teeth and the designs
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selected were based upon a bevel gear having the number of teeth
necessary to give approximately 24 formative teeth. The dimensions
of model 3 were those of an 18-tooth right angle combination bevel
gear train having a speed ratio of 1:1. The proportions of a 22-tooth
gear of a 2:1 right angle combination bevel gear train were used for
model 4. Model 5 was based upon the proportions for a 24-tooth gear
in a bevel gear train having a 3:1 speed ratio. These models were
tested to determine the relative effect on the stress concentration
factor occasioned by varying the lengths of the addendum and de-
dendum. Edge radii were used on the cutting tool which would produce
approximately the same fillet radii as those used on models 1 and 2.
A final group of 6 models were tested to determine the effect on the
stress concentration factor produced by a variation of tooth pressure
angle and number of teeth on the gear. Models 6, 7, and 8 were
generated using the proportions as recommended by the American
Gear Manufacturers Association for the full depth 20 deg. pressure
angle system. The numbers of teeth in the gears represented by these
models were varied by using 20, 40, and 80 teeth, respectively, on
models 6, 7, and 8.
Models 9, 10, and 11 were designed in exactly the same manner
as models 6, 7, and 8, except that the pressure angle was made 14%
deg. The numbers of teeth, the tool edge radii, and the proportions of
the respective models were the same. For these six models arbitrary
values of approximately %,6 in., 1 in., and 1/ in. were selected for the
tool edge radii because of the fact that the radius of curvature of the
fillet at the point of tangency to the root circle varies with changes
in tool edge radii and number of teeth. A change in the number of
teeth on a gear of a given pressure angle and diametral pitch results
in a different pitch radius for the gear, which of course produces a
change in the shape of the tooth profile.
6. Preparation of Models and Method of Testing.-In producing
the bakelite models templates were first made of the tooth outline,
and the contours were lightly scribed on the surface of the bakelite
plates with a sharp-pointed tool. Each model contained one full tooth
and half of each of the two adjacent teeth. The overall dimensions
L and D of the model (see Fig. 1) were 3% in. and 3% in., respectively.
All of the gear tooth models were made from ¼-in. thick polished
plates of BT-61-893 clear bakelite. The models were cut from the
plate about 16 in. oversize with a scroll saw, and were then annealed
to remove residual stresses. Each model was finished to final size by
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FIG. 2. LOADING DEVICE USED FOR ALL MODELS
cutting with small rotary milling cutters until the scribed contour of
the gear tooth was obtained. Light cuts were taken in finishing the
model to prevent the development of initial stresses. Some difficulty
was encountered in accurately reproducing models of the correct
contour, and slight variations in the accuracy of shape of the models
was probably responsible for most of the scatter obtained in the final
test results.
The range of load positions were chosen to cover that portion of
the tooth normally subjected to actual loads during the period of
engagement. In order to secure interference fringe orders high enough
to insure accurate measurements without developing stresses in excess
of the elastic limit of the material, the magnitude of the load applied
to a model during the tests was varied with the change of load position,
size of fillet, and relative tooth proportions. The positions of load ap-
plication were located by measuring an arbitrarily selected distance
above or below the pitch circle of the gear on the center line of the
tooth. From this point the action line was obtained by constructing
a normal to the tooth surface with its extension passing through the
measured point on the radial center line. The range of distances along
the tooth center line at which the loads were applied are listed for the
individual models in Table 1 under the column headed "Y".
A photograph of the loading device with a bakelite model under
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load is shown in Fig. 2. The model was fastened securely in a rigid
frame and arranged so that it could be shifted or rotated to any desired
position in a vertical plane. By shifting the frame and rotating it
about the pin E, the line of action of the external load could be ad-
justed in a direction perpendicular to the tooth surface at any desired
location. The load was applied by means of dead weights through a
single-lever loading arm G, and transmitted to the model through a
pivoted loading block H. A sharp edge was used on the loading block
to secure a line contact across the face of the gear at the point of load
application. A thin strip of celluloid was used to protect the model
from local cutting action at the points of load application; inserting
this celluloid strip did not affect the stresses at the fillets. The entire
assembly shown in Fig. 2 could be moved in both the vertical and
horizontal directions along the frame so that the model could easily
be aligned in the beam of polarized light.
Each gear tooth model was loaded and unloaded several times to
study the order of formation of the individual fringes. In testing
model 1 the loads were applied in a direction perpendicular to the
center line of the tooth, whereas for all other models the loads were
applied perpendicular to the tooth surface at the point of load appli-
cation. Photographic records were made of all fringe patterns; cali-
bration beams were then cut from the rear portions of the models and
loaded in pure bending to provide a simple calibration for the fringe
stress value of the material: From the fringe photographs the bound-
ary stresses at the gear tooth fillets could readily be determined. For
purposes of comparison these values of stress were then converted (by
dividing by the applied load and multiplying by the thickness of the
model) to equivalent stresses for a model 1 in. thick and loaded with
a unit (1 lb.) load.
III. RESULTS OF TESTS
7. Stresses in Gear Tooth Models.-A total of about 116 photo-
graphs were made of the fringe patterns observed when the bakelite
models were loaded in the photoelastic polariscope. Several samples
of the types of fringe patterns obtained from the gear tooth models
are shown in Fig. 3. Only representative samples of the data obtained
by analyzing the fringe photographs will be discussed. The detailed
results of the individual tests of the gear tooth models are presented
in tabular form in Section 1 of Appendix C.
The ordinates perpendicular to the contours of each tooth in Fig. 4
present a comparative picture of the variations of the stresses tangent
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FIG. 3. FRINGE PHOTOGRAPHS OF SEVERAL GEAR TOOTH MODELS
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to the boundary of the tooth when subjected to several different
conditions of test. The original profiles of the gear teeth in Fig. 4 were
traced directly from the negatives of the fringe photographs of the
actual models. These teeth appear to be of slightly different size since
the photographs were taken at slightly different enlargements ranging
from about 1.5 to 1.9 times the actual model size. The curves indi-
cating the stress at the tensile fillet are plotted with a solid line, those
indicating the stress at the compressive fillet are plotted with a broken
line and the magnitudes of the maximum compressive stresses are pre-
ceded by a minus sign. All numerical values of stress are expressed
in lb. per sq. in. per pound of applied load per inch of face.
Model 1 (Fig. 4a) gave values of equal magnitude for the observed
maximum tensile and compressive stresses at the fillets when sub-
jected to loads perpendicular to the tooth center line. The load was
applied to model 2 in a direction normal to the surface of the tooth
at the point of application, thereby introducing both a tangential
and a radial component of the load. As would be expected, the
observed maximum stress at the tension fillet was decreased below that
obtained in model 1, whereas the maximum stress at the compression
fillet was greater for model 2.
In Fig. 4b the stress distribution curves for model 6 illustrate
qualitatively the change in magnitude of the fillet stresses as the point
of load application was moved toward the tooth fillet. In general, the
magnitudes of both the tensile and the compressive maximum fillet
stresses decreased as the height of load position was decreased. The
distribution curves shown in Fig. 4c indicate that the maximum fillet
stresses increased markedly as the fillet radii were decreased.
In general for both 20-deg. and 1412-deg. teeth the magnitude of
the maximum fillet stress decreased slightly as the number of teeth
was increased. However, due to slight variations in the fillet radii
of the models shown in Fig. 4d, the values given are not exact indica-
tions of the quantitative variations of stress due to changing the
number of teeth on the gear.
The position of maximum fillet stress obtained from the photo-
elastic analysis of the models was not located at the "theoretical
weakest section" as defined by Lewis, but in general the maximum
stress occurred at a point slightly lower (closer to the root circle) on
the fillet contour. However, even for an extreme case in which the
distance between the "theoretical weakest section" and the "actual"
weakest section was a maximum, this distance was small, and one may
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conclude that Lewis' location for the "theoretical weakest section" was
not greatly in error.
The curves in Fig. 5 illustrate the variation obtained for the maxi-
mum tensile fillet stresses, ST, the maximum compressive fillet stresses,
Sc, and the computed bending stresses, SL, for model 10. Separate
curves were plotted for each different fillet radius used on the model;
values of the generating tool edge radius, rt, required to develop a
fillet of the type tested,* have been listed opposite each curve in Fig. 5.
The curves in this figure are typical of the results for all models tested,
and the values of the stresses for corresponding heights of load posi-
tion rather clearly indicate the variation between the computed and
observed stresses.
8. Factors of Stress Concentration.-In order to express the results
in a generalized form that would apply to all gear teeth geometrically
similar to the models, a dimensionless "stress concentration factor"
was introduced. The stress concentration factors were computed as
the ratio of the actual maximum stress in the fillet, as obtained from
the photoelastic fringe pattern, to the calculated stress at the "theo-
retical weakest section."
In calculating and plotting the results two different values of com-
puted stress were used, namely:
(1) The tensile or compressive bending (flexural) stress, SL, was
calculated by means of the Lewis equation (by the flexure formula)
assuming the bending moment to be Wh (see Fig. 1) and neglecting the
radial component, WR, of the applied load.
(2) A value for the combined bending and direct stress, a, at the
tensile fillet was obtained by assuming that the stress developed by
the radial component of load was equal to the load, WR, divided by
the cross-sectional area of the tooth at the "theoretical weakest sec-
tion," and algebraically adding this value to the flexural stress SL as
computed in (1).
Thus the computed flexural stresses for the equivalent models with
a one-inch face were
6Wh
SL = - (see Fig. 1 for notations). (1)t2
*See Section 2, Appendix B, for relation between minimum fillet radius rT and tool edge
radius rt.
ILLINOIS ENGINEERING EXPERIMENT STATION
N
4.
N
N
I'
'-3
4.'
kN
4.'
(I)
-0./5 0 -H0.15 +0.30
Distance Y, from Pifch C/rc/e to
Loada Pos/iton, hi /nches
FIG. 5. VARIATION OF FILLET STRESSES WITH MINIMUM TOOTH
FILLET RADIUS AND LOAD POSITION
The computed stress developed by the radial component of load was
WR W tan L(
-S = - (2)
t t
and the computed combined stress at the tensile fillet of the tooth
was therefore
6Wh W
a = SL - SR = - - - tan eL. (3)
t2  t
A simple graphical method* was used to locate the "theoretical
weakest section" for each tooth and for each load position, and the
values of load height, h, and tooth thickness, t, were scaled directly
from the tooth outlines. Using these dimensions in Equations (1) and
*This method is outlined in Section 1, Appendix B.
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FIG. 6. VARIATION OF STRESS CONCENTRATION FACTORS WITH MINIMUM
TOOTH FILLET RADIUS AND LOAD POSITION
(3), the calculated stresses were much lower than the observed maxi-
mum stresses for all models tested because of the fact that concen-
trations of stress are invariably developed at fillets or other abrupt
changes of section, and their "stress raising" effect was not con-
sidered in the derivation of the ordinary flexure formula (or in Lewis'
equation).
Two different values of stress concentration factor are plotted in
some of the results shown in Figs. 6 to 10. These factors may be
defined as follows:
Kc = concentration factor for compressive fillet
maximum observed compressive stress, Sc
= (4)
computed flexural stress, SL
and
K = concentration factor for combined stress at tensile fillet
maximum observed tensile stress, Sr
(5)
computed combined stress, a
However, most of the final results were expressed in terms of the
factor K, based on the nominal computed value of combined bending
and direct stress; the values of the factor Kc are shown to indicate the
higher values of stress obtained for the fillet on the compression side
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of the tooth, but it was assumed that these compressive stresses at
the fillets would not be of significance in developing a failure of an
actual metal gear tooth in service.
In general, by comparing Fig. 5 with Figs. 6 to 8, it will be noted
that as the load position was moved toward the tip of a tooth the
maximum stress increased, but the values of stress concentration
factor decreased.
For all models tested, the radius of the fillet on a tooth was found
to be of primary importance in affecting the maximum value of the
localized stress developed. Since the exact fillet contour was difficult
to reproduce accurately on the bakelite models, the minimum radii
varied slightly between the different models. Therefore the actual
minimum radius of curvature at the junction with the root circle was
determined from an enlarged photograph of each model, and these
radii (listed as rf) are shown for each of the curves in Figs. -6 to 8.
In comparing the results shown in these figures the differences in fillet
radii must be considered, since a slight decrease of fillet radius would
result in a marked increase in magnitude of the localized stress at
the fillet.
In Fig. 6 the values of the compressive factor Kc, and the com-
bined tensile stress concentration factor K, for model 1 are equal in
magnitude for any one load position and fillet radius, because the load,
being perpendicular to the tooth center line, introduced no radial effect
and produced equal maximum stresses at both fillets. The stress con-
centration factors for model 2 plotted in this same figure indicate that
a change in the direction of load application (normal to the tooth sur-
face for model 2) caused higher stress concentration factors to be
developed than those obtained from model 1.
Variations in the stress concentration factors produced by altering
the length of addendum, a, and dedendum, b, of the tooth are illus-
trated graphically in the curves for models 3, 4, and 5 plotted in Fig. 7.
Though the fillet radii for these three models were not exactly the same
because of the change in dedendum, a close comparison of the results
indicated that for the case of the sharper fillet radius a slight increase
in the combined tensile stress concentration factor was obtained (for
the same ratios of t/h) as the length of the addendum was increased.
No appreciable change in these factors was noted in the tests using the
larger (approximately /4-in.) fillet radius as the length of addendum
was varied.
Model 3 having nominal tooth dimensions identical with those of
models 1 and 2, but with a contour developed by the generating
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FIG. 7. EFFECT OF LONG ADDENDUM ON STRESS CONCENTRATION FACTOR
method, gave combined tensile stress concentration factors that were
somewhat smaller than those for model 2. This decrease in the factor
K is attributed mainly to the method used in developing the tooth out-
line; the fillets on model 2 were of constant curvature, whereas those
on model 3 had a gradually increasing curvature (sharpest at the root
circle) produced by the generating tool. Therefore a generated fillet
having the contour of an epitrochoid is stronger than one for which
the fillet radius is constant and equal to the minimum radius of the
generated tooth fillet.
This fact was more apparent when the stress concentration factors
were compared with the results obtained in a previous study* of con-
*See Section 1, Appendix A.
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FIG. 9. VARIATION OF TENSILE STRESS CONCENTRATION FACTOR WITH
GENERATING TOOL RADIUS AND LOAD POSITION
ventionalized gear tooth models made in the form of short cantilever
beams with circular fillets. The tensile stress concentration factors
for the conventionalized models with circular fillets were from 12 to 25
per cent higher than those herein reported for generated tooth contours
having the same minimum fillet radius and relative proportions.
Figure 8 shows samples of the results obtained from tests of the
last group of six models in which the pressure angle and number of
teeth on the gear were varied to determine their influence on the
magnitude of the stress concentration factor.
The values of cutting tool edge radius required to generate a tooth
fillet of a given minimum radius were computed by means of a formula
developed by Mr. A. H. Candee;* the method of calculating this radius
is given in Section 2, Appendix B. This equation was used to determine
the tool edge radii, rt, that would be required to generate fillets of the
same minimum radii as those present on the models, and these values
are correlated with the combined tensile stress concentration factor in
Figs. 9 and 10. Curves of the types plotted in Fig. 9 indicated that
for all models having the same pressure angle and cutting tool edge
radius the magnitude of the combined tensile stress concentration
factor for a group of models (irrespective of addendum length or
number of teeth) could be plotted as one curve without introducing an
error greater than that to be expected from experimental results.
Values of the average curves for all models plotted in this manner are
shown in Fig. 10. It will be observed in this diagram that the com-
*A. H. Candee, "Geometrical Determination of Tooth Form Factor," presented at American
Gear Manufacturers Assn. Meeting, Chicago, Oct. 21, 1941.
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FIG. 10. VARIATION OF TENSILE STRESS CONCENTRATION FACTOR WITH
GENERATING TOOL RADIUS AND LOAD POSITION
bined stress concentration factors, K, were higher for the 1412 deg.
pressure angle teeth than those for corresponding conditions on the
20 deg. pressure angle teeth. Moreover, a marked increase occurred
in the numerical values of K as the values of t/h were increased;
hence the fillet developed a greater stress raising effect as the point of
load application was moved to a position lower on the tooth (nearer
the fillet).
From a study of all the experimental data obtained in the photo-
elastic tests it was evident that the principal factors influencing the
stress concentrations at the fillets were (1) the radius of the fillets, rf,
(2) the thickness of the tooth, t, (3) the height of load position, h,
and (4) the pressure angle, p. By assuming these to be the only
variables of importance affecting the stress concentration, two empiri-
cal equations have been developed by means of which the combined
tensile stress concentration factor could be closely approximated from
computations based on the tooth dimensions. Two other factors that
might affect the localized stresses at the fillets are the relative slope
(or angle p) of the tooth flank near the fillet curve, and the angle (a)
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between the bottom land of tooth space and the thickness chord (t).
However, tests of conventionalized models (see Section 1 of Appen-
dix A) indicated that no appreciable change in fillet stresses could be
attributed directly to these factors for variations in the angles a and P
of the magnitudes encountered in most of the standard gear tooth
models.
The equation developed for values of the combined tensile stress
concentration factor for models of two diametral pitch with a 141/2 deg.
pressure angle and for loads applied normal to the tooth surface is
(t 0\ 2  t 0.4
K = 0.22 + ( ) . () (6)
and the equation for models with a 20 deg. pressure angle is
1 0.t15  ( \0°45
K = 0.18 + () . . (7)
A comparison of a large number of values of K, computed by using
these equations, with those obtained from the test data indicated that
errors in the computed values for the range covered by this investiga-
tion were in no case in excess of 3 per cent. However, these equations
are empirical, and no attempt should be made to apply them to cases
of gears having other pressure angles or for cases in which the ratios
of t/rf and t/h fall outside the range of values* covered in the experi-
ments. Nevertheless, many gear teeth of different pitch have contours
that are geometrically similar. Therefore, it is felt that these equations
may be used to compute the maximum stresses in a wide variety of
gear teeth, since the same general stress distribution would be obtained
in all geometrically similar teeth if the loads were varied in proportion
to the tooth size and applied at the same relative height (same t/h
value).
Caution.-It should be emphasized that the photoelastic method
yields values of stress below the proportional limit based on elastic
action and the assumption of plane stress distribution in the members.
The exact significance of these localized stresses in measuring the
nearness to structural damage of a metal gear tooth can only be de-
termined by correlation with carefully conducted laboratory fatigue
tests, and by comparison with service records. The relative "notch
*The values of the ratio t/rf ranged from 1.9 to 12.6, and the values of the ratio tlh ranged
from 0.94 to 3.24, in the photoelastic models.
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sensitivity" of different materials, localized plastic readjustments in
the material, and impact loading on the gear may greatly influence
the resistance of the materials involved. However, for purposes of
design, the photoelastic method gives a more accurate indication of
the magnitudes of stress to be expected at gear tooth fillets than can
be obtained by applying only the commonly used Lewis equation.
9. Conclusions.-The photoelastic method of stress analysis, em-
ploying bakelite models of several types of spur gear teeth, was used
as an experimental method of determining the positions and magni-
tudes of the maximum stresses in the fillets of gear teeth under known
conditions of loading. Tests of eleven models were made in which the
shapes of the teeth were changed by altering several variables (pres-
sure angle, number of teeth, fillet radius, length of addendum and
dedendum) and a concentrated load was applied at varying positions
on the tooth face. Within the range of values of the variables covered
by the tests the following conclusions seem justified.
(a) Based on the tension fillet of the gear tooth, the observed
maximum stresses for all tests ranged from 30 to 120 per cent greater
than those calculated by the Lewis equation (the flexure formula).
(b) The observed maximum stresses in the tension fillets were from
50 to 147 per cent greater than those calculated by combining the stress
obtained from the Lewis equation with the average compressive stress
produced by the radial component of the applied load.
(c) The stress concentration factors (by which the nominal com-
puted stress must be multiplied to obtain the maximum fillet stress)
increased in magnitude as the point of load application approached
the tooth fillet.
(d) Changing the pressure angle of the tooth from 20 to 141/2
degrees resulted in an increase of from 3 to 10 per cent in the stress
concentration factor for the tensile fillet for models of gears having
the same number of teeth.
(e) Increasing the tooth fillet radius resulted in a pronounced de-
crease in the stress concentration factor.
(f) Other variables being the same, a gear tooth (generated
type) whose fillets had a variable curvature with a minimum radius at
the point of tangency to the root circle developed smaller stresses
than a tooth having fillets of constant radius equal to the minimum
radius of the generated tooth.
(g) The magnitude of the combined tensile stress concentration
factor varied directly with the dimensionless ratios t/rf and t/h,
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where t is the thickness at the "theoretical weakest section," h the
height of load position above this section, and rf the minimum radius
of the tooth fillet. The empirical equations for the stress concentration
factor which fit the test data within an accuracy of 3 per cent are:
(t 0.2. (_t 0 4
For 141 deg. pressure angle, K = 0.22 + (-- ( )0
and for 20 deg. pressure angle, K = 0.18 + ( .15 ( - ) .
\rf h
(h) The maximum fillet stresses in the photoelastic models oc-
curred at points slightly closer to the root circle than the points located
by Lewis' theoretical weakest section. However, the nominal com-
puted stress at Lewis' location for the weakest section would not differ
appreciably from the nominal computed stress at the observed weakest
section.
IV. APPENDIX A
TESTS OF CONVENTIONALIZED GEAR TOOTH MODELS*
1. Test Data.-The maximum localized stress at a fillet in a
stressed member is greatly influenced by the abruptness of the change
in shape of the member in the immediate neighborhood of the fillet.
In order to study the relative "stress raising" influence of some of the
variables that are altered in producing the contours of different gear
teeth a preliminary group of models was tested in which one factor
at a time could readily be varied. These models (illustrated diagram-
matically in Fig. 11) were made in the form of short cantilever beams
and will be referred to as "conventionalized gear teeth."
These conventionalized models were tested prior to those of the
gear tooth models discussed in Chapter III. The results are included
here mainly as a further qualitative picture of the effects on the fillet
stresses produced by a gradual alteration of only one shape factor at
a time.
The different alterations of shape that were chosen to represent
the most important variables for this group of models are illustrated
*The data contained in Appendix A have been published as "Influence of Certain Variables
on the Stresses in Gear Teeth," by T. J. Dolan, Jour. of Applied Physics, Vol. 12, No. 8,
p. 584-591, Aug. 1941.
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FIG. 11. GEAR TOOTH NOTATION AND MODEL DIMENSIONS
diagrammatically in Fig. 11. These variables may be briefly summa-
rized as follows:
(1) The radius r of the fillet between the flank of the tooth and
the root circle;
(2) The nominal thickness t', and the thickness t, at the "assumed
weakest section" of the tooth;
(3) The height of load position h above the "assumed weakest
section";
(4) The angle P between the side of the tooth and the radial
center line;
(5) The angle a between the bottom land of tooth space and a line
perpendicular to the tooth center line.
The angle that the action line of the load makes with the tooth face
was maintained constant at 90 deg. in the tests.
A group of bakelite models was made with the dimensions shown
in Fig. 11 having nominal values of L=4 in., D=3 in., and t'=1 in.,
and values of h were varied from ¼ in. to 12 in.
Each model was supported by lightly clamping (the lower edge of
length "L" in Fig. 11) to a rigid bar, and was loaded with a line load
across the face of the tooth; successive fringe photographs were made
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FIG. 12. TYPICAL FRINGE PHOTOGRAPHS OF SEVERAL CONVENTIONALIZED MODELS
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FIG. 13. STRESS DISTRIBUTION CURVES
with a series of different load positions h. The model was then altered
by varying the fillet radius r (or the angle P of the tooth sides, etc.)
in a series of successive increments, and a complete new set of fringe
photographs was made with loads at the same positions for each new
alteration of the model. Eight of these conventionalized models were
tested, and approximately 170 negatives of fringe photographs were
obtained and analyzed.
In Fig. 12 are shown photographs of typical fringe patterns for
several of the models tested, and in Fig. 13 are shown typical distribu-
tions of stress around the fillets for several of the test loadings. In
analyzing the results, the stresses were converted to values for a "unit"
model (1 in. thick) loaded with a unit load (one pound), and the
nominal values of stress for this same "unit" model were computed
from the Lewis equation. It is a relatively simple matter to obtain
the value of this calculated stress for any load position by the use of
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FIG. 14. VARIATION OF FILLET STRESSES WITH TOOTH FILLET RADIUS
AND LOAD POSITION
a graphical method* of locating the assumed weakest section, and a
direct application of the flexure formula. One set of results showing
changes produced in the fillet stresses by a variation of the load
position and fillet radius, with all other variables of shape maintained
constant, is plotted in Fig. 14.
It will be observed that the stresses increased rapidly as the fillet
radius was reduced, and that the stresses also increased (but not in
direct proportion) as the height of load position above the bottom of
the tooth was increased. Furthermore, the maximum stress on the
fillet in compression was often larger than that at the fillet in tension.
From the viewpoint of design, the maximum tensile stress is perhaps
the most important consideration, but the stress concentration factors
*See Section 1, Appendix B, for a brief description of this method.
*^/
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FIG. 15. VARIATION OF TENSILE AND COMPRESSIVE STRESS CONCENTRATION
FACTORS WITH TOOTH FILLET RADIUS AND LOAD POSITION
for both fillets of each tooth were computed, and these values are
shown in Fig. 15 for the foregoing data.
It will be recalled that tests of the standard gear tooth models
(see Section 7) gave equal magnitudes for the maximum stresses at
the tension and compression fillets when the load was applied perpen-
dicular to the center line of the tooth (as for model No. 1). The reason
for this difference of results in tests of the conventionalized models is
not definitely known. However, it is felt that the fringe patterns on
the compression side of the conventionalized models were slightly dis-
torted by the stresses developed in clamping the model to support it
rigidly along the lower edge (compression side). The method of sup-
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FIG. 16. VARIATION OF TENSILE AND COMPRESSIVE STRESS CONCENTRATION
FACTORS WITH TOOTH FILLET RADIUS AND LOAD POSITION
porting the models of standard gear teeth (see Fig. 2) resulted in a
more even distribution of stress throughout the body of the model and
eliminated distortion of the fringe pattern on the compression side
of the tooth.
The values of the stress concentration factors were computed as
the ratio of the actual maximum stress in the fillet, as obtained from
the photoelastic fringe pattern, to the calculated flexural stress at
the "assumed weakest section," (the radial component of load being
neglected). That is, the stress concentration factor for the com-
Sc ST
pressive fillet Kc = - , and for the tensile fillet KT =-
SL SL
By scaling off the ordinates to the curves in Fig. 15 at various
ratios of h/t, the data may be replotted as shown in Figs. 16a and
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FIG. 17. VARIATION OF TENSILE STRESS CONCENTRATION FACTORS
WITH ANGLE AND LOAD POSITION
16b. For comparison with these results, curves determined by Frocht*
and by Weibelt have been added to Fig. 16a showing stress concentra-
tion factors for a simple beam with fillets when subjected to pure
bending. This type of loading would approach the condition for
h/t = co and it will be'noted that the localized stresses were much
more severe in the short stubby cantilever beams that approximated
the proportions of gear teeth.
It should be noted that the curves in Figs. 15-18 for this prelimi-
nary series of tests were plotted in terms of the ratio h/t rather than
in terms of the reciprocal value t/h, which latter ratio has been used
in interpreting the results of the tests on standard gear tooth models.
However, it was found more convenient to fit the experimental data
with an empirical equation by using the ratio t/h as one of the vari-
ables in the equation. Hence the final equations as well as the later
*N. C. Riggs and M. M. Frocht, "Strength of Materials"; Ronald Press Company, New
York, 1938, p. 389.
tE. E. Weibel, "Studies in Photoelastic Stress Determination," Trans. A.S.M.E. Vol. 56,
p. 637, 1934.
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FIG. 18. VARIATION OF COMPRESSIVE STRESS CONCENTRATION FACTORS
WITH ANGLE AND LOAD POSITION
data on the standard gear tooth forms were all expressed as functions
of the t/h ratio.
An approximate equation for the tensile stress concentration factors
for the conventionalized models with sides of the tooth parallel is
/t' \ 0. 2 /\0.3
KT = 1.25 ( ) -- ) .
This relationship fits the data within an accuracy of about 5 per cent
for the range of values covered in the tests.
The curves in Figs. 17 and 18 show the variations obtained for the
stress concentration factor when the fillet radius was kept constant
but the angle p of the side of the tooth varied. A definite decrease in
the tensile stress concentration factor was observed as the tooth model
was gradually tapered inward to approach Lewis' ideal shape of the
parabola of uniform strength, whereas no change in the compressive
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stress concentration factor occurred as the angle was varied over a
25 deg. range.
Tests of models in which the angle a, between the bottom land of
tooth space and the thickness chord, was varied, showed no measurable
change in stress concentration at either the tensile or the compressive
fillet for angles a up to 15 degrees. This was perhaps to be expected
since the material removed from the model by increasing the angle a
was usually in regions of relatively low stress, and consequently did
not necessitate much readjustment of stresses in the regions of high
stress.
In comparing the tensile stress concentration factors, KT, for actual
tooth forms (see Table 2 Appendix C) with the data shown in Fig. 16a,
one important variation between the two sets of tests has been noted,
namely: the tensile stress concentration factors (shown in Fig. 16a),
were from 12 to 25 per cent higher than those for models of generated
gear tooth contours having the same minimum fillet radius and rela-
tive proportions, whereas the compressive stress concentration factors
(shown in Fig. 16b) ranged from zero to ten per cent higher than those
for models of actual gear teeth. The greatest differences between the
two sets of data occurred with the fillets of sharpest curvature (small
r/t' values).
One reason for this difference in the stress concentration factors is
the fact that the generated gear tooth models were loaded in a direc-
tion normal to the tooth face, and the radial (compressive) component
of load was neglected in this comparison by using as the theoretical
stress only the value of Lewis' flexural stress. This small radial com-
ponent of load would produce a slight lowering of the observed stress
at the fillet in tension, and hence result in a smaller stress concentra-
tion factor. Similarly, the radial component of load would produce a
higher observed stress at the fillet in compression, and should result
in a higher stress concentration factor (Kc) being obtained. A rough
check on the radial components of load indicated that their magnitudes
were small, and they produced only a small increment of stress
as compared with the flexural stress developed by the transverse com-
ponent of the applied load. However, it was found that the maximum
tensile stresses in the conventionalized models were only slightly
larger than those for the standard gear tooth models of similar propor-
tions if corrections were subtracted from the observed stresses to ac-
count for the aifferences in radial component of load and differences
in the angle P for the two types of tooth.
The main reason that the generated gear teeth exhibited somewhat
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lower stress concentration factors than did the conventionalized models
probably lies in the fact that the conventionalized tooth models had
circular fillets, whereas the fillets on the generated gear tooth models
were somewhat spiralled by the process of generation, the minimum
radius at the root being the assumed value of the fillet radius. Con-
sequently, it is evident that the equivalent circular radius of the fillet
on a generated gear tooth that is effective as a stress raiser is not the
minimum radius of curvature of the fillet contour. If the values of
stress concentration factor shown in Figs. 16a and 16b were used for
design purposes they would probably be on the safe side and yield
values of stress that were slightly too high.
2. Summary.-The results of tests of conventionalized models that
were made to study the relative stress-raising effect of altering the
shape of a tooth by varying one factor at a time may be summarized
briefly as follows:
(a) As the height of load position (h/t) was increased, the maxi-
mum fillet stress increased, but the stress concentration factors de-
creased.
(b) The maximum fillet stresses increased rapidly as the fillet
radius was reduced.
(c) A definite decrease in the tensile stress concentration factor was
observed as the tooth model was gradually tapered inward to approach
Lewis' ideal shape of a parabola of uniform strength, whereas no
change in the compressive stress concentration factor occurred as the
angle was varied over a 25 deg. range.
(d) No appreciable change in maximum fillet stress was produced
by varying the angle between the bottom land of tooth space and the
thickness chord over a 15 deg. range.
(e) An approximate equation for the tensile stress concentration
factors for the conventionalized models with circular fillets and sides
of the tooth parallel is:
/(' 0.2 / o.3
KT = 1.25 -) - - .
rh/
(f) Generated fillets having the outline of an epitrochoid produced
smaller localized stresses than circular fillets whose radius was equal
to the minimum radius of the epitrochoid.
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V. APPENDIX B
METHOD OF LOCATING WEAKEST SECTION AND OF
DETERMINING FILLET RADIUS
1. Graphical Method of Locating "Theoretical Weakest Section."-
The "theoretical weakest section" is located between the two points of
tangency of the tooth profile with a parabola inscribed in the tooth
outline (referred to as the parabola of uniform strength) with its apex
at the intersection of the action line of the applied force and the radial
center line of the tooth. For example, in Fig. 1, the parabola ACB
locates the weakest section between the points of tangency A and B.
The Lewis equation then treats a gear tooth as a cantilever beam, and
determines the value of a nominal flexural stress for the section AB.
This weakest section may be located by construction of a series
of trial parabolas with a common vertex at C, but an accurate and
convenient graphical construction of locating only the points of tan-
gency was employed in analyzing the results of the tests herein re-
ported. This graphical method is based on the well-known properties
of the parabola, and will be outlined briefly in the following discussion.
In Fig. 19 the curve OA represents a parabola, with the vertex at 0,
and symmetrical about the x axis.
By construction EO = OF = p and DA = AF.
Let OG = x.
Then DA = EG = x + p and FG = x - p.
y2 = AG 2 = AF 2 - FG' = (x + p) 2 - (x - p) 2 = 4 px.
Tangent AB bisects angle DAF, therefore DF is perpendicular to
AB and is bisected at C. Hence point C lies on the y axis. The
triangle ABF is isosceles, therefore BF = AF and BC = AC.
These relations derived for the parabola are useful in locating
the point of tangency between the tooth outline and the inscribed
parabola, having its vertex at the intersection of the axis of the tooth
and the line of tooth pressure. The use of these relations eliminates the
drawing of several parabolas, hence it simplifies the determination of
the Lewis factors and gives greater accuracy. The following procedure
is suggested (see Fig. 20).
(1) Through the tooth draw the line of tooth pressure OP normal
to the tooth surface extending it until it intersects the center line BG.
(2) At 0 draw OC perpendicular to BG.
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GRAPHICAL DETERMINATION OF "WEAKEST SECTION"
(3) Locate, by means of a scale kept tangent to the tooth profile
near the root, a line AB so that AC = CB. Thus A is the point of
tangency between the tooth profile and the parabola.
(4) Draw AA', thus locating the critical section.
2. Calculation of Minimum Fillet Radius Produced by Rack Gener-
ating Tool.-The following procedure was developed by Mr. A. H.
Candee as a method of determining the minimum fillet radius of a
gear tooth produced by a given cutting tool radius by the generation
method, and was used in interpreting the results of the tests on gener-
ated gear teeth.
Notation and Formulas:
Diametral pitch .................... DP
Number of teeth.................... N
Pitch radius ...................... R = N/2DP
Dedendum ........................ b = 1.157/DP (Standard)
Tool edge radius .................. rt
Dedendum to center of tool edge
radius........................... bl = b - rt
Minimum radius of curvature of
trochoid at center of edge radius...r = b12/(R + bi)
Radius of curvature of fillet at point
tangent to root circle ............. r = rl + r
The dedendum equation given applies only to spur gear teeth of stand-
ard proportions. In the case of gear teeth designed according to some
other system, such as the Gleason variable addendum system, the
value of the dedendum would have to be obtained according to the
equation specified in the particular system used.
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VI. APPENDIX C
SUPPLEMENTARY TEST RESULTS
1. Experimental Data and Results. The following table has been
included in this appendix to present a more detailed summary of the
variations that occurred in the test results as the different factors con-
trolling the tooth fillet stresses were altered.
The data included in this table refer only to the results of tests
on the models of standard gear tooth shapes having a diametral pitch
of 2 (models 1 to 11, inclusive). The shapes of the teeth in each
of these models have been described in Section 5, and their principal
dimensions are listed in Table 1. The definitions of the symbols used
as column headings in the following table have also been included in
Table 1.
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TABLE 2
EXPERIMENTAL DATA AND RESULTS
Diametral Pitch of All Models = 2
Model
1
1
1
1
1
1
1
1
1
2
2
2
22
2
3
3
3
33
3
4
4
4
44
4
5
5
5
5
6
5
5
6
6
6
6
6
6
6
6
6
6
7
7
7
7
7
7
7
7
7
77
8
7
7
8
8
8
8
888
888
8
8
Y r
in. in.
0.30 0.465
0.11 0.465
-0.08 0.465
0.30 0.270
0.11 0.270
-0.08 0.270
0.30 0.132
0.11 0.132
-0.08 0.132
0.30 0.266
0.11 0.266
-0.08 0.266
0.30 0,147
0.11 0.147
-0.08 0.147
0.30 0.247
0.11 0.247
-0.08 0.247
0.30 0.149
0.11 0.149
-0.08 0.149
0.495 0.260
0.315 0.260
0.115 0.260
0.495 0.150
0.315 0.150
0.115 0.150
0.505 0.265
0.325 0.265
0.135 0.265
0.505 0.152
0.325 0.152
0.135 0.152
0.30 0.256
0.15 0.256
0.00 0.256
-0.15 0.256
0.30 0.155
0.15 0.155
0.00 0.155
-0.15 0.155
0.30 0.062
0.15 0.062
0.00 0.062
-0.15 0.062
0.30 0.267
0.15 0.267
0.00 0.267
-0.15 0.267
0.30 0.152
0.15 0.152
0.00 0.152
-0.15 0.152
0.30 0.085
0.15 0.085
0.00 0.085
-0.15 0.085
0.30 0.270
0.15 0.270
0.00 0.270
-0.15 0.270
0.30 0.149
0.15 0.149
0.00 0.149
-0.15 0.149
0.30 0.076
0.15 0.076
0.00 0.076
-0.15 0.076
h till inin.
0.465 00 0'
0.465 00 0'
0.465 0° 0'
0.270 00 0'
0.270 00 0'
0.270 0° 0'
0.132 00 0'
0.132 00 0'
0.132 00 0'
0.266 220 20'
0.266 200 0'
0.266 10030'
0.147 220 20'
0.147 20° 0'
0.147 10030'
0.253 25030'
0.253 16020'
0.253 10040'
0.161 25030'
0.161 160 20'
0.161 10 40'
0.265 240 40'
0.265 21020'
0.265 15 40'
0.162 24040'
0.162 21020'
0.162 15 40'
0.270 250 50'
0.270 23040'
0.270 170 20'
0.163 25°050'
0.163 23 40'
0.163 170 20'
0.274 28° 0'
0.274 22° 40'
0.274 21020'
0.274 15° 0'
0.189 28° 0'
0.189 22040'
0.189 21 20'
0.189 150 0'
0.110 280 0'
0.110 220 40'
0.110 21020'
0.110 15° 0'
0.277 22040'
0.277 20020'
0.277 18050'
0.277 17050'
0.170 220 40'
0.170 20020'
0.170 18050'
0.170 17050'
0.106 22 40'
0.106 20 20'
0.106 18050'
0.106 170 50'
0.275 22 30'
0.275 21020'
0.275 20040'
0.275 20° 0'
0.158 22030'
0.158 21020'
0.158 20040'
0.158 20° 0'
0.090 22030'
0.090 21020'
0.090 20040'
0.090 200 0'
0.632
0.503
0.387
0.743
0.565
0.429
0.780
0.633
0.445
0.728
0.625
0.412
0.801
0.648
0.489
0.767
0.614
0.431
0.845
0.652
0.479
0.797
0.629
0.434
0.845
0.647
0.488
0.790
0.639
0.472
0.867
0.690
0.509
0.728
0.596
0.472
0.341
0.797
0.650
0.505
0.379
0.826
0.677
0.538
0.405
0.711
0.577
0.451
0.333
0.757
0.615
0.494
0.362
0.791
0.667
0.522
0.388
0.744
0.602
0.460
0.363
0.820
0.658
0.527
0.398
0.882
0.719
0.573
0.448
0.845
0.885
0.968
0.798
0.810
0.897
0.769
0.810
0.816
0.824
0.848
0.856
0.796
0.835
0.853
0.824
0.854
0.868
0.798
0.812
0.842
0.934
0.955
0.967
0.903
0.908
0.944
1.024
1.048
1.069
1.010
1.015
1.030
0.922
0.922
0.934
0.984
0.912
0.917
0.922
0.928
0.894
0.900
0.911
0.916
1.018
1.028
1.043
1.078
1.015
1.028
1.044
1.067
0.993
1.018
1.022
1.040
1.078
1.084
1.090
1.147
1.095
1.101
1.113
1.125
1.118
1.118
1.122
1.140
Sc
6.89
5.59
4.48
9.19
7.66
5.97
12.65
10.11
8.20
11.10
9.73
8.20
13.80
11.05
9.61
10.38
8.88
SL
5.31
3.86
2.48
6.98
5.16
3.20
7.90
5.79
4.01
5.96
4.87
3.32
7.01
5.24
3.96
6.13
4.85
ST
6.89
5.59
4.48
9.19
7.66
5.97
12.65
10.11
8.20
8.15
7.25
6.01
10.50
8.65
7.35
8.52
7.34
5.90
10.01
9.04
7.35
7.19
5.87
4.95
8.48
7.23
6.01
6.06
5.10
4.51
7.40
6.30
5.45
6.12
5.75
4.81
3.92
7.12
6.50
5.50
4.72
8.40
7.40
6.25
5.25
5.35
4.75
3.92
3.22
6.30
5.34
4.51
3.54
7.00
6.25
5.27
4.20
5.17
4.40
3.60
2.75
5.95
5.09
4.42
3.40
6.50
5.91
4.86
4.05
7.18
5.69
3.98
4.98
3.85
2.68
5.65
4.38
3.16
4.11
3.20
2.36
4.59
3.68
2.75
4.53
3.92
3.03
2.06
5.08
4.28
3.33
2.53
5.48
4.63
3.62
2.80
3.80
3.18
2.35
1.64
4.07
3.28
2.52
1.82
4.42
3.63
2.83
2.05
3.55
2.86
2.17
1.56
3.79
3.08
2.48
1.77
3.92
3.28
2.55
1.94
KT
1.30
1.45
1.82
1.31
1.48
1.86
1.60
1.75
2.04
1.37
1.49
1.81
1.50
1.65
1.86
1.39
1.52
1.76
1.40
1.59
1.86
1.44
1.53
1.84
1.50
1.65
1.90
1.48
1.59
1.91
1.61
1.71
1.98
1.37
1.47
1.58
1.95
1.40
1.52
1.65
1.87
1.53
1.60
1.72
1.89
1.41
1.49
1.67
1.96
1.55
1.63
1.79
1.94
1.59
1.72
1.86
2.05
1.46
1.54
1.66
1.82
1.57
1.65
1.78
1.92
1.65
1.80
1.91
2.08
Kc
1.30
1.45
1.82
1.31
1.48
1.86
1.60
1.75
2.04
1.86
2.00
2.47
1.97
2.11
2.42
1.70
1.83
2.08
1.77
1.94
2.22
1.84
2.00
2.28
1.88
2.07
2.26
1.90
2.14
2.42
2.06
2.20
2.44
1.77
1.90
2.09
2.56
1.94
2.08
2.34
2.76
2.40
2.50
2.71
3.02
1.84
2.06
2.46
3.25
2.20
2.44
2.76
3.51
2.34
2.56
3.02
3.58
1.93
2.18
2.62
3.23
2.25
2.52
2.92
3.75
2.73
2.96
3.39
3.78
K
1.30
1.45
1.82
1.31
1.48
1.86
1.60
1.75
2.04
1.50
1.62
1.93
1.61
1.79
1.97
1.52
1.63
I.88
1.52
1.70
1.97
1.58
1.70
2.04
1.64
1.82
2.10
1.64
1.81
2.05
1.78
1.91
2.21
1.53
1.65
1.82
2.18
1.56
1.68
1.86
2.10
1.68
1.76
1.94
2.21
1.57
1.68
1.93
2.37
1.69
1.86
2.04
2.30
1.74
1.90
2.10
2.40
1.62
1.74
1.94
2.25
1.74
1.86
2.06
2.31
1.81
2.00
2.18
2.46
7.00 3.37
12.70
11.02
8,82
9.16
7.51
6.10
10.60
9.08
7.14
7.81
6.82
5.72
9.49
8.07
6.71
8.04
7.43
6.32
5.21
9.85
8.93
7.80
7.00
13.15
11.58
9.82
8.46
7.01
6.53
5.77
5.34
8.95
8.00
6.95
6.38
10.35
9.28
8.55
7.35
6.84
6.23
5.68
5.05
8.53
7.78
7.23
6.64
10.72
9.72
8.65
7.34
I
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TABLE 2 (CONCLUDED)
EXPERIMENTAL DATA AND RESULTS
Diametral Pitch of All Models = 2
Model
9
9
9
9
9
9
9
9
9
9
9
9
10
10
10
10
10
10
10
10
10
10
10
10
11
11
11
11
11
11
11
11
11
11
11
11
Y r,
in. in.
0.30 0.303
0.15 0.303
0.00 0.303
-0.15 0.303
0.30 0.129
0.15 0.129
0.00 0.129
-0.15 0.129
0.30 0.062
0.15 0.062
0.00 0.062
-0.15 0.062
0.30 0.267
0.15 0.267
0.00 0.267
-0.15 0.267
0.30 0.152
0.15 0.152
0.00 0.152
-0.15 0.152
0.30 0.111
0.15 0.111
0.00 0.111
-0.15 0.111
0.30 0.285
0.15 0.285
0.00 0.285
-0.15 0.285
0.30 0.180
0.15 0.180
0.00 0.180
-0.15 0.180
0.30 0.109
0.15 0.109
0.00 0.109
-0.15 0.109
rf
in.
0.317
0.317
0.317
0.317
0.166
0.166
0.166
0.166
0.1105
0.1105
0.1105
0.1105
0.276
0.276
0.276
0.276
0.170
0.170
0.170
0.170
0.132
0.132
0.132
0.132
0.290
0.290
0.290
0.290
0.188
0.188
0.188
0.188
0.126
0.126
0.126
0.126
200 0'
180 30'
16° 20'
9° 0'
20° 0'
18 30'
160 20'
90 0'
20° 0'
18 30'
160 20'
9° 0'
18° 0'
17 30'
170 0'
110 20'
18° 0'
170 30'
17' 0'
11° 20'
180 0'
17030'
170 0'
11° 20'
15° 40'
15° 20'
14 30'
140 30'
15° 40'
15 20'
14° 30'
14° 30'
15° 40'
15 20'
14° 30'
14' 30'
h
in.
0.718
0.568
0.448
0.331
0.801
0.641
0.507
0.371
0.840
0.674
0.541
0.408
0.716
0.572
0.471
0.344
0.794
0.638
0.516
0.393
0.812
0.685
0.544
0.398
0.707
0.584
0.460
0.326
0.741
0.635
0.493
0.359
0.803
0.657
0.522
0.393
t
in.
0.840
0.859
0.870
0.900
0.828
0.834
0.840
0.855
0.828
0.834
0.850
0.862
0.894
0.911
0.944
0.977
0.888
0.894
0.916
0.927
0.862
0.875
0.886
0.893
0.944
0.960
0.988
0.994
0.926
0.949
0.960
0.989
0.954
0.960
0.972
0.988
ST
8.08
6.65
5.54
4.50
10.32
8.80
7.52
6.22
11.20
9.50
8.09
7.00
7.35
6.35
5.12
4.23
9.20
7.73
6.45
5.61
10.01
8.52
7.27
6.15
6.87
5.90
4.75
3.67
8.00
7.08
5.88
4.59
8.65
7.50
6.35
5.12
Sc
9.90
8.35
7.60
6.45
13.42
11.33
9.66
8.00
14.00
12.05
10.20
8.69
8.46
7.65
6.42
5.73
11.05
9.45
8.67
7.53
12.27
10.80
9.50
8.38
8.28
7.44
6.74
5.76
9.85
9.10
8.36
7.16
10.73
9.64
8.70
7.73
SL
5.75
4.38
3.41
2.42
6.59
5.25
4.14
3.01
6.91
5.51
4.32
3.25
5.11
3.94
3.03
2.12
5.75
4.57
3.53
2.69
6.23
5.13
3.97
2.94
4.58
3.66
2.74
1.92
4.98
4.07
3.11
2.13
5.16
4.13
3.20
2.33
KT Kc
1.40 1.72
1.52 1.91
1.62 2.23
1.86 2.67
1.57 2.04
1.68 2.16
1.82 2.33
2.06 2.66
1.62 2.02
1.72 2.18
1.87 2.33
2.15 2.67
1.44 1.66
1.61 1.94
1.69 2.12
2.00 2.70
1.60 1.92
1.69 2.06
1.83 2.43
2.08 2.80
1.61 1.97
1.66 2.10
1.83 2.39
2.09 2.85
1.50 1.81
1.61 2.03
1.74 2.46
1.91 3.00
1.61 1.98
1.74 2.24
1.89 2.69
2.15 3.36
1.68 2.08
1.81 2.33
1.98 2.72
2.20 3.32
K
1.51
1.64
1.79
2.00
1.67
1.80
1.98
2.20
1.72
1.84
2.02
2.27
1.54
1.76
1.89
2.21
1.70
1.83
2.02
2.27
1.71
1.79
2.00
2.26
1.60
1.74
1.92
2.20
1.71
1.86
2.06
2.44
1.78
1.94
2.15
2.47
-----------
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*Bulletin No. 332. Analyses of Skew Slabs, by Vernon P. Jensen. 1941. One
dollar.
*Bulletin No. 333. The Suitability of Stabilized Soil for Building Construction,
by E. L. Hansen. 1941. Fifty cents.
*Circular No. 42. Papers Presented at the Twenty-eighth Annual Conference on
Highway Engineering, Held at the University of Illinois, March 5-7, 1941. 1941.
Fifty cents.
*Bulletin No. 334. The Effect of Range of Stress on the Fatigue Strength of
Metals, by James O. Smith. 1942. Fifty-five cents.
*Bulletin No. 335. A Photoelastic Study of Stresses in Gear Tooth Fillets, by
Thomas J. Dolan and Edward L. Broghamer. 1942. Forty-five cents.
*Circular No. 43. Papers Presented at the Sixth Short Course in Coal Utiliza-
tion, Held at the University of Illinois, May 21-23, 1941. 1942. Fifty cents.
*A limited number of copies of bulletins starred are available for free distribution.
UNIVERSITY OF ILLINOIS
Colleges and Schools at Urbana
COLLEGE OF LIBERAL ARTS AND SCIENCES.-General curriculum with majors in the hu-
manities and sciences; a new general curriculum with fields of concentration in
mathematics and physical science, biological science, social science, and the humani-
ties; specialized curricula in chemistry and chemical engineering; general courses
preparatory to the study of law and journalism; pre-professional training in medi-
cine and dentistry; curriculum in social administration.
COLLEGE OF COMMERCE AND BUSINESS ADMINISTRATION.-Fields of concentration in
accountancy, banking and finance, commerce and law, commercial teaching, eco-
nomics, industrial administration, management, marketing, and public affairs.
COLLEGE OF ENGINEERING.-Curricula in agricultural engineering, ceramics, ceramic en-
gineering, chemical engineering, civil engineering, electrical engineering, engineer-
ing physics, general engineering, mechanical engineering, metallurgical engineering,
and mining engineering.
COLLEGE OF AGRICULTURE.-Curricula in agriculture, dairy technology, floriculture, gen-
eral home economics, nutrition and dietetics, and vocational agriculture; pre-profes-
sional training in forestry.
COLLEGE OF EDUCATION.-Curricula in education, agricultural education, home econom-
ics education, and industrial education. The University High School is the practice
school of the College of Education.
COLLEGE OF FINE AND APPLIED ARTS.--Curricula in architecture, art, landscape architec-
ture, music, and music education.
COLLEGE OF LAW.--Professional curriculum in law.
SCHOOL OF JOURNALISM.-General and special curricula in journalism.
SCHOOL OF PHYSICAL EDUCATION.-Curricula in physical education for men and for
women.
LIBRARY SCHooL:--Curriculum in library science.
GRADUATE SCHooL.-Advanced study and research.
Summer Session.-Courses, for undergraduate and graduate students.
University Extension Division.-Courses taught by correspondence, extramural courses,
science aids service, speech aids service, and visual aids service.
Colleges in Chicago
COLLEGE OF tENTISTRY.-Professinal curriculum in dentistry.
COLLEGE OF MEICINEc.-Professional curriculum in medicine.
COLLEGE OF PHARMACY.-Professional curriculum in pharmacy.
University ESperiment Stations, and Research and
Service Organizations at Urbana
AGRICULTURAL EXPERIMENT STATION BUREAU OF COMMUNrrY PLANNING
ENGINEERING EXPERIMET' STATION BUREAU OF EDUCATIONAL RESEARCH
EXTENSION SRVICE IN AGRICULTURE BUREAU O INSTITUTNAL RESEAcH
AND HOME ECONOMICS RADIO STATIOW (WILL)
BUREAU OF EcONOMIC AND BUSINESS UNIVERSITY OF ILLINOIS PBRSS
RESEARCH '
State Scientific Surveys and Other Divisions at Urbana
STATE GEOLOGICAL SURVEY STAT DIAGNOSTC LABRATORY (for
STATE NATURAL HISTORY SURVEY Animal Pathology)
STATE WATER SURVEY U. S. Sovnv oc YBrW LLA1o0T
For general catalog of the University, speal circulars, and other information, address
Tn BRGISTR,A UUmvERSIr OF I.UNOIS
'URiBANA, IULOCOIS
.*. , * t-0
